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ABSTRACT
In this paper, the author presented certain integrals involving product of the multivariable H-function with
exponential function, Gauss’s hypergeometric function and Fox’s function. The results derived here and basic in
natural and many include a number of known and new results as particular cases.
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I. INTRODUCTION

The Gaussian hypergeometric function is of fundamental important in the theory of special functional. The
important of this function lies in the first that most all of the commonly used function of applicable mathematics,
mathematical physics, engineering and mathematical biology are expressible as its special cases.

The series

2Fl(a,b;c:z)=2°° (@n(b)n 2" .

n=0 (o), n!

Where (a), is the pochhammer symbol defined by

{a (at+l).....(a+n-1) neN
(@)=l n=0 ()

is called the Gauss’s hypergeometric series of the famous German mathematician Carl Friedrich Gauss (1777-1855)
who is the year 1812 introduced the series. It is represented by the symbol , F] (a,b;c: z) and is called the Gauss’s

hypergeometric function also.

In 1961 Charles Fox [2] introduced a function which is more general then the Meijer’s G-function and this function
is well known in the literature of special function as Fox’s H-function or simply the H-function. This function is
defined and represented by means of the following Mellin-Barnes type contour integral

_ m,n _ m,n (a/’aj)],p 1 s
H[Z] - H [Z] _Hpaq |:Z [ :I - 2_71'[J.L6(S)Z ds (3)

pPq

Where for convenience
0(s) = IT,. T, -8, . ,FTU-a,+a;s) (4)
ne . TA-b,+p,s)I17 . T(a,-a,s)

Jj=m+1

and z is a suitable contour of the Mellin-Barnes type which runs from —joo fo + oo, separating the poles of

F(bj - ﬂj s),G=1,..... ,m) from those of ['(1 — a, + Oth) (i=1... ... ,n). An empty product is interpreted
asunity the integers m,n,p,q satisfy the inequalities 0 <n<p0<m<gq; the coefficients
;= (j=1...... D), ,B ;= (j=1,...... ,q) are positive real numbers, and the complex parameter
a,=(=1,...... 00, =(=1,...... ,q) are so constrained that no poles of the integrand coincide. Owing to
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the popularity of the special functions, those are defined in (1) and (3) (c.f [4],[3] and [5]), details regarding these
are avoided.

The multivariable H-function which was introduced and investigated by Srivastava& Panda [5] in term of a multiple
Mellin-Bernes type contour integral as
H [z1,...,z/]

z 1
_ I_IO,n:ml,nl;...;mr,nr (a3, @)y (01’7/)1171’ ,(01,71)1},
P-AiP 5P, | (b3 B} s B 1 (d 51)1q es(d7 8

. w(fl,...,m{f[qz (&)= }d«:l...d;, ®

Where @ =4/—1; and
T'.T(-a,+3a't)

V(& £,) = " T(a, - a ey T(1-b, +2§:1ﬂ}§i)(6)

H, T-c + 71-5)1_[,;?(0’} -5
jn+1r( _716) H] m+lr(1_d;+5]l§z)

And L ;= L, ., represents the contours which start at the point 7 ; — (0% and terminate at the points T, + w0 with
J

T, € R :(—oé,oo)(jzl,..., r).

In case r = 2, (5) reduce to the H-function of two variables.
In case r =1, (5) reduce to the H-function of one variables.

$.(&)= (izl,...,r); @)

II. RESULT REQUIRED IN THE SEQUEL

We shall require the following results in the sequel :

1 1 o K
ZFI(a’b’C"'E;X) ,F (c-a,c-b, C+E;X):Z (c,k)
and

- 1
=0 (c + ,k]
2
From Rainville{1}:

Z:ozo Zio A(k,n) = Z::O Zzzo A(k,n—k) )

1. MAINRESULTS

a, X" )

In this section we have evaluated certain integrals involving product of the Multivariable H-function with
exponential function, Gauss’s hypergeometric function and Fox’s H-function.

Theoreml:
Jo xp71(t —x)°Le™ | F, (abc+l'x((t—x)“) F, (c—ac—bc+l'x((t—x)“)
0 2 1 it ) 2’ 2 1 ) ) 2,
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0.n: - nxt (=0 (a;.aha’y (et sy (7,7
,n:m;,Ng;..; M, ,n Jo J1,p il iy Jerj/p, dx

ro r
P, 4P, .9, 55 P, 4, (b Bl By (d},é})l,ql i (5870,

yoxr (t=x)"r

u

Z f(k) Zu_k t(Z+n—1)k+u
(u—k)!

[o0]
— e—zttp+0—1
u=0 k=0

r r
(uy+vy) . . e Nl ] o
it (=p=¢k 5] Ju), (o~ s] Jo)@;30) s @y i (ot 503501
HO,n+2 :my,ng;..;m,n, i i ! r
P+2,q+l:p .4, 55D, 4,

(10

(1 +0p) . roor
YA (b3 B B o (P St Di] J0):(d).0))1 g 5ot 51

i=l

fk) = z:;oﬁak %k (11)

Provided
(i) #=0,v 20 (not both zero simultaneo usly)

(i) ¢ and 7 are non negative integers such thatg +7 >1
(i) 4 >0,8 < 0:‘arg y‘ <%Ai7z Viel,...,r where

n Di m qi
4= zlaj -2 a, +Z4ﬂj -2.5;
Jj= J=

j=n+l Jj=m+l

1 qi Di
B = E(pi —q,)+ iji _Zaji
==

Re(p)+,ugnaX[Re(bj /B;1>0
<j<m
Re(o) + V(I)nax[Re(bj /B;1>0

<j<m

Proof: Let,

¢ 1 1
A=e %t fo x Lt —x)"te ™ | F, <a,b,c +E;x((t —x)“) v <c —a,c—b,c +E;x((t —x)“)
gl Y1
yix 1t (t=x) L, . r PR ! Y s
O,n;m N/ ;_._;mr,nr (aj :ajr'-’aj)l, . (CJ ’7/j)l,p ERREE) (Cj ’7J )l,pr
XH 1-M P 1 d

PAPAGSP A e, (0 Bjseei B gt (A8 g 5o (7671 4

(t—x)Uz4

Now we replaceing e(-¥? with 210;0 and expressing the hypergeometric function and Multivariable H-

u!

function with the help of (5) and (8 ) respectively, to get

-
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t —x)'z" ke
A= e—ztf xP~ l(t x)o’ 1 2 ( X) Z ( (C 1) )ak xgk(t _ x)nk
c + k

X (27‘[1)7’ le “.fLr ®1(E1)---®r(§r)¢(§1,...,Er)

X y Sxti (t—x)018, Ly Skt (6 — x)UrsrdEy,..., dE.dx
Interchanging the order of summation and simplifying ,we get.

(o]

A= _th xp 1(t _ )o‘ 1 Z (C k) akxzk(t — x)ﬂk+uzu

I
k=0 C+ k w

1 s 5
X (ZTI.'l)r le fLr 1(21) r(zr)w(zp---,zr)
X ylzlxﬂlil (t - x)ulﬁl’m,yrirxﬂrir(t _ x)"rifdil,..., dE, dx

[Now by using (9)the above result reduces to]

Ck(+ _ +\—Dk+u
A = —th xP~ l(t x)o’ 12 (C k) agx (t X) Zu_k
=0 C + k (u - k)'

X—, 01810, I (&, --8)
e le fL L0, B,y

Xy 8t (t — x)V15, |y B (t — x)VrérdEy,..., dE.dx
Interchanging the order of integration and summation, we obtain

-k

pmesey Z e R I AN ST

u=0

t
X |:f xﬂ+<r+ i Hig; —1 (t _ x)a+ M-Dk+u+ ¥, vjg; =1 dx]
0
X Vb, 5y ..., dE,

Where f(k) is given by (11)
On substituting x = ts in the inner x integral, the above expression reduces to

A= e—zttp+a—lz Zf(k) ey £@M=Dku o (ZTL’l)r . fL ®1(§1)---Q’r(ﬁr)w(zp---fr)tz?:l (wi + V)%

X I:f Sp+ Ck er=1 Hig; —1(1 _ S)O'+ (T]—l)k+u+2?=1 Vig; —lds] ylzl;---;yrzrdil;---; dir
o
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e} u u—k
V4
— p—ztypto—1 (CAn—1Dk +u
A=e"t 4 k_of(k) = k)!t

1 T(p+Tk+ Y _ uzg)T(@+M—Dk+u+3_ vg)
X[ [ 0160.0,6 0G50 Ll : e
@mi)" )y, ), F(p+0+@Q+n—Dk+u+Y (g +v)E )
X y1§1t(“1+“1)21,...,yrirt(“”"r)zrdEl,...,dET

Finally, interpreting the contour integral by virtue of (5), we obtain

oo

A= e~ %t p+o—1z z @+n—1k+u
et F(k) (u k)lt

u=0 k=0

S Ea [C2 [ TG0~ Hux s ) €7 3Ty
s HOr2 m s il (12)

p+2’q+]:p 4 ;"';pr’qr (yp+0p) roor
174 i (bj;,B.,A.ﬁ;)l’q,(l—p—O'—(§+17—l)k—u;H/4-+u,-):(d},5j]-)1’ql i (@] )y
i=1

IV. PARTICULAR CASE:
(a) Putting r=2, t=1 in theorem (5) the new results may be realized to the H-function of two variables:
fol 11 —x)" e F (a,b,c + % x0(1 — x)“) a (c —ac—bc+ % x0(1 — x)”)

H vy
yix" T (1-x) 1 2 o1 22

Onm’n’m’n (ajﬂaa) (Cjﬁj//')]p (C/9}/j)1p
XH 1,15 My, 1) 1 2 d

Ps45P154915 P2>9> ) o) (b;.B}.B; )1q (d}.8}), ap ;(d], 52)1#2
yox" 2 (1-x) 2
had u u—k
=Y Y
u=0 k=0 (u k)

5 n+2: my, ny; My, Ny N (lip*é‘k 5 .ula:u2) :(]‘J{ml)k‘u 5 Ul:'-)z)(a, ﬂ}ﬂ?)m . (Cl,ﬁ )Lp] 5 (0357/2')1,[)2
2D | (b3 5 (PG 400 103): (8]0 55 9
2

(13

(b) Putting n=p=q=0,r=1 and t=1 in theorem (5) the new results may be realized to the H-function of one variables:

1 1 1
f xP 11— x)te ™ F, (a,b,c + > x5(1 — x)“) ,F, (c —a,c—b,c+ E;x((l - x)”)
0

X

(C iV )1
Hm N (- J>7jp
yx ( ) (dj’é‘j)l,q d
Z Z, O G Ton
P (Y S R R GRA (14
201 7 (d.8)) g (-p-o~GHpDkus a4 )
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V. CONCLUSION

The Multivariable H-function, Presented in this paper, is quite basic in nature. Therefore, on specializing the
parameters of this function, we may obtain various other special functions such as Fox’s H-function, Meijer’s G-
function, Wright’s generalized Bessel function, Wright’s generalized hypergeometric function, Mac-Robert’s E-
function, generalized hypergeometric function, Bessel function of first kind, modified Bessel function, Whittaker
function, exponential function, binomial function etc. as its special cases, and therefore, various unified integral
presentations can be obtained as special cases of our results.
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